Abstract. In this paper the system of a semi-relativistic particle interacting with a scalar Bose field is investigated. The ultraviolet cutoff condition is imposed on the Bose field. In the main theorem, the functional integral representation of the semi group generated by the total Hamiltonian with P(φ ) interaction is obtained.
Introduction
In this paper the system of a quantum particle interacting with a scalar Bose field is investigated. The partilcle's Hamiltonian is given the relativistic Schrödinger operator with potential
on the Hilbert space L 2 (R d x ), where M > 0 is the rest mass of the particle. For the stochastic analysis of H p , the asymptotic behavior of the eigenvector is analyzed by the functional integral representation in [4] , and the functional representation in electromagnetic potential is derived in [13, 15] . In this paper, we construct the functional integral representation according to [13] . For other results on the stochastic analysis of H p , refer to e.g. [15, 16, 19] .
A scalar Bose field is constructed by stochastic process which investigated in constructive quantum field theory (refer to e.g. [5, 24] ). The field operators {φ ( f )} f ∈K b are defined by the Gaussan random process indexed by a Hilbert space K b on a probability space (Q b , B b , P b ). The state space is given by L 2 (Q K b ) and the free Bose Hamiltonian H b is defined by the differential second quantization of ω b (−i∇) where ω b is non-negative and continuous function. Physically ω b (k) ≥ 0 denotes the one-particle energy of the field with momentum k. Thus the triplet
The system of semi-relativistic particles coupled to a scalar Bose field is defined as follows. The state space is given by 
where ∔ denotes the form sum, P(λ ) = 2n ∑ j=1 c j λ j , c j ∈ R, j = 1, · · · , 2n − 1, c 2n > 0, and the ultraviolet cutoff condition ρ x ∈ S ′ real for each x ∈ R d is supposed.
By using the functional integral representations of e −tH p and e −tH b , the functional integral representation of e −tH κ is derived in the main theorem. Then, from the functional integral representation, it is seen that e −tHκ is positivity improving. Then, as a corollary of the main theorem, it is seen that the ground state of H κ is unique if it exists.
For the spectral analysis for quantum particles systems coupled to Bose fields by the methods of stochastic analysis has been analyzed. For non-relativistic QED model, its functional representation is obtained in [8] , and the case with spin is considered in [12] . The self-adjointness of the Hamiltonian is investigated in [11] , the analysis of the bound state in [10] and that of the exponential decay in [7] . For spin-boson model and the Nelson model, the applications of their functional integral representation to spectral analysis are investigated in [2, 3, 9, 14, 18, 25, 26] . This paper is organized as follows. In section 2, the functional integral representation for the semi-relativistic particles is constructed. In section 3, we overview the Euclidean quantum field theory, and the functional integral representation for scalar Bose field is derived. In section 4, the interaction system is introduced. The the main theorem is stated, and its proof is given.
Relativistic Schrödinger Operator
According to [13] , the functional integral representation of semigroup generated by the relativistic schrödinger operator is derived as follows. In this derivation, the Lévy subordinator plays an important role. A stochastic process {T t } t≥0 is called a Lévy subordinator if {T t } t≥0 is one dimensional Lévy process starting at zero and almost surely non-decreasing in t ≥ 0.
The 
Let M > 0 be the fixed mass of the particle, and let us set
Since h rel is a Bernstein function, it is seen that there exists a Lévy subordinator {T t } t≥0 on the probability space (Ω rel , B rel , P rel ) satisfying
where 
18).
Let {B t } t≥0 be d-dimensional Brownian motion starting x on the probability space (Ω Br , B Br , P x Br ). We introduce the probability space
and let us define a stochastic process
where
Here we assume the following condition.
By Fourier transform and (3), it is seen that for rapidly decreasing function ψ ∈ S(R d ),
Then from Trotter-Kato product formula, the functional integral representation for the semirelativistic particle is obtained:
As a remark, in the proof of ( [13] ; Theorem 3.8) it is proven that a Feynman-Kac formula
3 Scalar Bose fields
Gaussian random process indexed by Hilbert space
In this subsection, basic properties for Gaussian random process are explained. To construct Bose fields, the following proposition is needed. (See, e.g. [1] ;Theorem 2.5, [20] ;Theorem 5.9 )
Proposition B (Existence of Gaussian random process) Let K be a separable and real Hilbert space. Then there exist a stochastic process {X f } f ∈K indexed by K on a probability space (Q K , B K , P K ) satisfying the following conditions. Let {X f } f ∈K be the Gaussian random process indexed by K. Then it is seen from (G.3) , that
n (Q K ) be the closure of the linear hull of the set {:
where : ∏ n j=1 X f j : denotes the wick product defined recursively by :
Lemma 2.13 , [20] ; Lemma 5.4). Let S be a closed operator on K.
Construction of a scalar Bose field
where S ′ real (R d ) is the space of real-valued tempered distributions, and set
Here ω b satisfies the following condition. 
of the scalar Bose field is constructed.
Functional integral representation for scalar Bose fields
In this subsection, we apply the Euclidean quantum filed theory. For the detail of this subject, refer to e.g. ( [1] ; Section 7) and ( [20] ; Section 5). Let
and
Let
From Proposition B, it is seen that there exists Gaussian random variables
The relation between K b and K E is as follows. For the delta function δ t ∈ S ′ (R) with < δ t , φ >= φ (t), it is seen that
Then the isometric operator j t :
for G ∈ L ∞ (R). Then by using Trotter-Kato product formula, the following proposition holds (Refer to e.g. [1] ; Theorem 7.19).
Proposition C
Assume that V b is continuous function on R d with bounded from bellow. Then
Main Theorem and Proofs

Interacting system and main theorem
The interaction system between the semi-relativistic particle and a scalar Bose fields is defined as follows. The state space for the system is given by
where ⊕ denotes the fibre direct integral. The total Hamiltonian of the system is defined by form sum of the free Hamiltonian and interaction
where H 0 = H p ⊗ I + I ⊗ H b and and H I is given by
and ρ x satisfying the following conditions.
For a physical example of the interaction, let ρ x (y) = ρ(
Then we see that the conditions (A.1) and (A.2) are satisfied. The field operator φ (ρ x ) can be unrigorously represented as
where a k and a † k denote the kernel of an annihilation operator and creation operator, respectively.
We prepare for some notations. Let D 0 = C ∞ 0 (R d )⊗D 0,K b where⊗ denotes the algebraic tensor product. For Ψ ∈ H, we set Ψ x (q) = Ψ(x, q). Unless confusion arises, we identify X ⊗ I with X and I ⊗Y with Y . Let
and we use the notation
The main theorem in this paper is as follows.
Theorem 4.1 Assume (S.1), (B.1), (A.1) and (A.2). Then it follows that
Now we consider an application of the above theorem. For a self-adjoint H with bounded from below, it is said that H has the ground state if the infimum of the spectrum of H is the eigenvalue. It is seen that e −tH p and e −tH b are positivity improving operators. Hence from the above functional integral representation, the next corollary immediately follows. 
Proof of Theorem 4.1
To prove the Theorem 4.1, we show the following proposition.
(Proof) By using e −(t−s)H b = J * s J t for t > s and (10), it is seen that
By using Markov property of E t j and the Feynman-Kac formula (4), we have Here note that
It is known that the map s → X s (ξ ) is continuous for each ξ ∈ Ω p except finite points. Then from (A.2) and (14), the map R ∋ t → δ t ⊗ ρ X t ∈ K E is strongly continuous almost surely. Then from this continuity and (13), we have
Since D 0 is dense in H, the proof is obtained.
